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On the background of the Born-Oppenheimer (adiabatic) approximation, we investigate the geometrical and
topological structure in the theory of quantum gravity by using the path integral method and half-classical
approximation. As we know, Berry curvature can be extracted from the linear response of a driven two-level
system to nonadiabatic manipulations of its Hamiltonian. In parameter space of the Hamiltonian, magnetic
monopoles can be artificially simulated. Ripples occur in Hilbert space when the monopole travels from inside
to outside the surface of energy manifold spanned by system parameters. From this point of view, we set up the
connection between the ripples characterized by the fidelity of quantum states in Hilbert space and gravitational-
like waves in minisuperspace. This might open a window for the study of geometrical and topological properties
of quantum gravity with the help of quantum physical systems.
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1. INTRODUCTION
It is recognized that quantum theory and general relativ-
ity are two pillars of modern physics. However, the goal of
finding a consistent theory of quantum gravity still remains
elusive [1]. In spite of this, there still exist many ways to
stimulate and guide researchers to solve problems of quan-
tum cosmology, and one could find out the vulnerable spot of
the difficulties in quantum cosmology through some already
known characters of quantum gravity [2–10].
Quantum gravity in path integral form was significantly
stimulated by the superspace approach to the canonical quan-
tization of gravity [3, 4]. A profound formulation of quantum
mechanics of quantization of a system is based on the fact
that the Feynman propagator can be written as a sum over all
possible paths between the initial and final points in space-
time [11]. In quantum gravity, one should sum over all possi-
ble paths linking the two given three-geometries and integrate
over all the possible corresponding separations of given local
proper times.
As is known to us, time does not appear in the Hamiltonian
form of gravity. This is a consequence of the invariance of
the action S under arbitrary space-time transformations, from
which follows δS/δgµν = 0, where gµν is the metric of space-
time. We expect that such a feature will be maintained in a
quantum formulation. From this point of view, R. Balbinot et
al. [12] proposed a system composed by matter and gravity
in which the former follows the latter adiabatically in space-
time of spatial lattice points. It is even more noteworthy that
they used the method of the Born-Oppenheimer (BO) approx-
imation [13]. Actually, this idea was first introduced by T.
Banks during the research of the semiclassical approximation
to the quantum gravity wave function [14]. It has been ob-
served that the introduction of matter allows one to introduce
the concept of time, and time parametrizes how matter follows
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gravity. After that, R. Brout generalized Banks’s procedure
by grafting a BO-type approximation onto the semiclassical
approximation of the gravitational part of the solution of the
Wheeler-DeWitt equation [15]. In particular, it has been no-
ticed that the semiclassical wave function for gravity provides
a parametrization for the evolution of matter in which the lat-
ter follows the former adiabatically. The ideas of all of these
are that the mass scale of matter is mP (the Planck mass).
A wave function acquires a geometric phase in addition to
the dynamical one if the system Hamiltonian is modulated
by a set of slowly varying external parameters [16]. Towards
the matter-gravity (MG) system, we may consider the coordi-
nates associated with the former as being the fast (light) vari-
ables and those associated with the latter as being the slow
(heavy) variables. The excursion along a closed loop C in
the external parameter space leads to an adiabatic phase that
is a matter wave function of the slowly changing heavy de-
grees of freedom. During the process one passes near a point
in which the matter state turns into double degeneracy (for a
two-level system). With regard to the three-dimensional case,
a monopolelike singularity can be used to study the properties
of topological structure of the parameter space with the aid of
the distribution of Berry curvature. In this paper, we acquire
the Berry curvature by two different ways, the path integral
method and half-classical approximation, all based on the BO
approximation. It is noticed that when the light system, cou-
pled to the heavy classical one, is quantal, this situation is
what we call “half-classical mechanics” (there being no im-
plication that the light system is semiclassical, i.e., near its
classical limit) [17]. Based on the concept of quasiparticles
appearing in the field of condensed matter physics, we pro-
pose a new concept of quasilattice points in space-time under
the condition of half-classical approximation, and it is proved
equivalent to the case of that in the method of path integral in
calculating gravitational Berry curvature. The curvature can
be extracted from the linear response of a driven two-level
system to nonadiabatic manipulations of its Hamiltonian [18–
20].
Recently we have proposed a method of quantum simula-
tion of the magnetic monopoles by using a driven supercon-
ar
X
iv
:1
61
1.
01
59
2v
2 
 [q
ua
nt-
ph
]  
23
 Fe
b 2
01
7
2ducting qubit [21], and shown that when the monopoles pass
from inside to outside the Hamiltonian manifold, the quan-
tum states generate ripples in the Hilbert space under the in-
fluence of Berry curvatures. In this work, we reconsider the
general magnetic force produced by the monopole centered at
the origin of coordinates spanned by a set of parameters in the
Hamiltonian. In combination with all points of a spatial lat-
tice (all three-space) and spatial metric tensor in space-time,
we compare the singularity in minisuperspace (which also can
be viewed as a parameter space) with the monopole in param-
eter space.
It is well known that Einstein’s theory of general relativity
predicts the existence of gravitational waves that are ripples
in space-time [22], created in certain gravitational interactions
that travel outward from their sources [23]. The gravitational
interactions, like the process of a binary black hole merger,
could be viewed as the process of two singularities turning
into one. The amplitude of gravitational waves in the merging
instant reaches a maximum. In our heuristic analogy, this in-
stant corresponds to the moment that ripples emerge in Hilbert
space when the monopole travels through (collision) the en-
ergy surface of the Hamiltonian manifold. As we know, the
different number of singularities in physical systems repre-
sents the different topological structures [24]. This thus might
open a window for the study of the geometrical and topolog-
ical properties in quantum gravity with the help of quantum
physical systems.
In Sec. 2, we introduce a path integral description of the
interaction MG system in the adiabatic approximation. As a
gauge connection associated with the Berry curvature is in-
duced during a closed loop C, we can obtain the nontrivial
topological structure in the manifold of all points of the spa-
tial lattice (all three-metric). In Sec. 3, We propose a notion of
quasilattice points in space-time in the study of half-classical
approximation, which is equivalent to the case of that in the
path integral. This method provides the possibility to mea-
sure the Berry curvature in minisuperspace. As an analogy, in
Sec. 4, we utilize an effective method to directly measure the
Berry curvature by way of a nonadiabatic response on phys-
ical observables to an external parameter’s rate of change.
Then we set up the connection between the ripples charac-
terized by the fidelity of quantum states in Hilbert space and
gravitational-like waves in minisuperspace. Finally, in Sec. 5,
we discuss and summarize our results.
2. EFFECTIVE PATH INTEGRAL AND QUANTUM
GRAVITATIONAL GEOMETRIC TENSOR
Now we first decompose the manifold of space-time into
Σ3 × R1 where Σ3 denotes the three-dimensional manifold
(spacelike hypersurface xi, i = 1,2,3) and R1 denotes the real
line (time t = x0), and it cannot change upon evolution. The
four-dimensional line element under the standard 3+1 decom-
position is [1, 4]
ds2 = −(N2 − NiNi)dt2 + 2Nidxidt + hijdxidxj, (1)
where we use the induced metric hµν = gµν + nµnν ; more
details are shown in Appendix A. The total Hamiltonian is
given by
H = HG +HM =
∫
d3x(NHF0 + NiHFi )
=
∑
x
λ3
[
(NHG0 + NiHGi ) + (NHM0 + NiHMi )
]
≡
∑
x
Hx, (2)
where HG0 and HGi are the Hamiltonians associated with the
gravitational field. Moreover, HM0 and HMi are stress-energy
tensors of the matter field projected in the normal direction to
the three-dimensional spacelike surface [with one component
normal ( NHM0 ) and another tangential ( NiHMi )]. The inte-
gral over three-space is replaced by a sum over all points x of
a spatial lattice of volume λ3, thus obtaining a sum of Hamil-
tonians at every single lattice point. The lapse function N and
shift vector Ni play the role of Lagrange multipliers and sat-
isfy the proper time gauge conditions ∂N/∂τ = ∂Ni/∂τ = 0.
FIG. 1: (Color online) Illustration of a spatial lattice. The elemen-
tary building blocks for three-dimensional space-time are simplices
of dimension three. A one-simplex is an edge (λ, the blue line), a
two-simplex is a triangle (λ2, the yellow lines), and a three-simplex
is a tetrahedron (λ3, the green lines). On a random simplicial lattice
there are in general no preferred directions, except for the special
path (the maroon part) we choose here.
To get the wanted gravitational wave function, let us con-
sider the new Hamiltonian in Hilbert space,
Hˆ =
∑
x
λ3
[
NHˆR0 + Ni(HˆGi + HˆMi )
] ≡∑
x
Hˆx, (3)
where HˆR0 = HˆG0 + HˆM0 + ~2R/12, and R is the curvature
scalar related to the manifold of all three-metrics and has been
introduced for the sake of taking into account operator order-
ing [25].
The MG state vectors of product form |φ(h, x), hij(x)〉 ≡
|φ(h, x)〉⊗|hij(x)〉where hij(x) and φ(h, x) separately describe
3the gravitational field and the matter field. The transition ma-
trix element between the initial state |φ◦, h◦〉 and the final state
|φ•, h•〉 can be written as
〈φ•, h•|φ◦, h◦〉 =
∫
〈φ•, h•,N•,N•i, t•|φ◦, h◦,N◦,N◦i, t◦〉
∏
x,τ,i
d
[
N(t• − t◦)]d[Ni(t• − t◦)]δ(∂N/∂τ)δ(∂Ni/∂τ)
=
∫
〈φ•, h•|(exp[− iHˆ/~])N|φ◦, h◦〉∏
x,i
dtidt, (4)
where  = T/N (T denotes the whole evolution time and N is a large number), and Hˆ is the Hamiltonian of the MG system in
Hilbert space; also the invariant interval between two adjacent lattice points equals N•t• − N◦t◦ (N•it• − N◦it◦). As shown in
Fig. 1, we have divided the interval into N equal segments of size λ(λi) so that λ = (N•t• − N◦t◦)/N. The proper time gauge
conditions allow us to introduce a local proper time t = N(t•− t◦) with N = N◦ = N• at every single spatial point (similarly for
ti),
〈φ•, h•|φ◦, h◦〉 =
∫
〈φ•, h•|exp[−iHˆ(N)/~]|p(N)〉〈p(N)|q(N− 1)〉〈q(N− 1)|exp[−iHˆ(N− 1)/~]
× · · · |q(1)〉〈q(1)|exp[−iHˆ(1)/~]|p(1)〉〈p(1)|φ◦, h◦〉
∏
x,i,L
dtidt
dpL(N)
2pi~
N−1∏
k=1
dqL(k)
dpL(k)
2pi~
, (5)
where Hˆ(k) describes the Hamiltonian at a lattice point kλ on the evolution path excursing from h◦ to h•. We used the complete-
ness relation for qL and its conjugate momentum pL = −i~(δ/δqL) here [26]. When N tends to infinity, the transition matrix
element then becomes
〈φ•, h•|φ◦, h◦〉 =
∫
exp[iS(h)/~]G(φ•, φ◦)
∏
L
1
2pi~
D[pL]D[qL]
∏
x,i
dtidt, (6)
where the path integral measure can be denoted as∫ D[pL]
2pi~
D[qL] = lim
n→∞
N−1∏
k=1
[ ∫
dqL(k)
] N∏
k=1
[ ∫
dpL(k)
2pi~
]
, (7)
and the amplitude for the transition as the matter at a lattice point kλ excursing along the path from h◦ to h• can be written as
[27, 28]
G(φ•, φ◦) = 〈φ•|exp[−iHˆM(N)/~] · · · exp[−iHˆM(k)/~] · · · exp[−iHˆM(1)/~]|φ◦〉, (8)
where HˆM(N) is the Hamiltonian of matter, and the gravitational action S(h) reads
S(h) =
∫
d3x
[∫ h•
h◦
pLδq
L −
(∫ t•
t◦
δt HˆR0 +
∫ t•′
t◦′
δt′ HˆGi
)]
. (9)
The matter states at every single lattice point k on the path could be described as follows:
G(φ•, φ◦) =
φ(N−1)∑
φ(k=1)
〈φ•|exp[−iHˆM(N)/~]|φ(N− 1)〉〈φ(N− 1)| · · · |φ(1)〉〈φ(1)|exp[−iHˆM(1)/~]|φ◦〉, (10)
where we used the completeness relation of matter states∑N
n=1 |φ(n)〉〈φ(n)| = I.
Since the mass scale related to gravity (Planck mass, ∼
10−6g) is much larger than that related to usual matter, we
could suppose that the latter follows the former adiabatically.
In the BO approximation, the matter states might be consid-
ered to perform the adiabatic motion in the same quantum
number φ = φ◦ = φ• [12]. Now we introduce the notion
of energy density related to an adiabatic level φ at qL = qL(k).
4The Schro¨dinger equation of matter states could be written as
HˆM0 (k)|φ(k)〉 = Eφ(k)|φ(k)〉. (11)
Then we have
G(φ, φ) = exp
[− i
~
∑
x
∑
k
λ3
(
λEφ(k) + λi〈φ|HˆMi |φ〉
)]
lim
N→∞
N∏
k=1
〈φ(k)|φ(k− 1)〉. (12)
We notice that each factor 〈φ(k)|φ(k−1)〉 in Eq. (12) defines a
connection between two infinitesimally separated points φ(k−
1) and φ(k). Therefore, Eq. (12) gives a finite connection
along a path given by a set of discrete points {k}. Thus, by
using the Taylor expansion and expanding to the first order,
we obtain
〈φ(k)|φ(k− 1)〉 ' 1−
∑
x
λ3〈φ(k)|δ/δqL|φ(k)〉δqL
≈ exp[i∑
x
λ3〈φ(k)∣∣iδ/δqL∣∣φ(k)〉δqL]
= exp[iω/~]. (13)
From Eq. (12), we suppose that
lim
N→∞
N∏
k=1
〈φ(k)|φ(k− 1)〉 = 〈φ(t•)|φ(t◦)〉
= exp[iΩφ/~] (14)
with
Ωφ =
∫ h•
h◦
ω =
∫ h•
h◦
δqL〈φ|i~δ/δqL|φ〉. (15)
For simplicity, still in the adiabatic approximation, we let
the wave function of matter evolve along a closed loop C in
superspace, and φ(0) = φ(t◦), φ(T) = φ(t•); then Eq. (15)
turns into
Ωφ(C) =
∮
C
ω =
∮
C
δqL〈φ|i~δ/δqL|φ〉. (16)
This form is essentially the same as the Berry phase (actually,
this is a variational version of the Berry phase). Therefore,
we obtain the effective transition amplitude related to the adi-
abatic change of the external dynamical variable φ,
Geff(T) = exp
[
− i
~
∫
d3x
(∫ T
0
δt〈φ|HˆM0 |φ〉+
∫ T′
0
δt′〈φ|HˆMi |φ〉 −
∮
C
δqL〈φ|i~δ/δqL|φ〉
)]
. (17)
The effective path integral for the transition matrix element is given by
〈φ•, h•|φ◦, h◦〉eff =
∫
exp
[
i
~
(
Sad +
∫
d3x
∫ h•
h◦
δqL〈φ|i~δ/δqL|φ〉
)]∏
L
1
2pi~
D[pL]D[qL]
∏
x,i
dtidt (18)
with the adiabatic action function [28]
Sad = S(h)−
∫
d3x
(∫ t•
t◦
δt Eφ +
∫ t•′
t◦′
δti〈φ|HˆMi |φ〉
)
. (19)
The phase Ωφ(C) appears as a topological action function in
the MG system. This implies that the eigenstate of matter that
is only the function of the three-metric qL stays the same dur-
ing the motion of the system in superspace. In the presence
of an effective gauge field that can be descried by the “vec-
tor potential” A = 〈φ|i~δ/δqL|φ〉, one might have nontrivial
topological structure in the manifold of superspace in case one
allows for a gauge transformation of it. The connection A is
substantially the Berry-Simon connection [29].
According to the adiabatic condition, the matter states al-
ways stay in the same quantum number in Eq. (12). Clearly
the lowest correction to this is actually to allow just one inter-
mediate transition to another eigenstate subsequently return-
ing to the initial eigenstate. Thus the transition matrix ele-
5ment, also called the quantum gravitational geometric tensor,
reads
GφXY =
∑
φ′ 6=φ
〈
φ
∣∣ δ
δqX
∣∣φ′〉〈φ′∣∣ δ
δqY
∣∣φ〉
= −
∑
φ′ 6=φ
1
(Eφ − Eφ′)2
〈
φ
∣∣δHˆM0
δqX
∣∣φ′〉〈φ′∣∣δHˆM0
δqY
∣∣φ〉,
(20)
where GφXY is Hermitian and we note that the eigenfunction of
the matter acquires an opposite adiabatic phase to the grav-
itational wave function. The transition matrix element in
Eq. (20) could be decomposed into real symmetric and imag-
inary antisymmetric parts [30],
ReGφXY =
1
2
(GφXY + GφYX), ImGφXY =
1
2
(GφXY − GφYX). (21)
The real part of the transition matrix element provides a possi-
ble method to measure the distance between two neighboring
matter wave functions along paths in superspace (parameter
space). The imaginary part in Eq. (21) can be related to the
Berry-Simon connection. It can be written as
2ImGφXY =
δ
δqX
〈
φ
∣∣ δ
δqY
∣∣φ〉− δ
δqY
〈
φ
∣∣ δ
δqX
∣∣φ〉
= −
∑
φ′ 6=φ
1
(Eφ − Eφ′)2
[〈
φ
∣∣δHˆM0
δqX
∣∣φ′〉〈φ′∣∣δHˆM0
δqY
∣∣φ〉
−〈φ∣∣δHˆM0
δqY
∣∣φ′〉〈φ′∣∣δHˆM0
δqX
∣∣φ〉], (22)
which is a phase 2-form in superspace, also called the gravita-
tional Berry curvature. It indicates that degeneracies are some
singularities (micro black holes [31]) that contribute nonzero
terms to topological invariants [18, 19]. From Eqs. (12)
to (17), the gravitational Berry phase can be given by
∫
d3x
∮
C
δqL〈φ|i~δ/δqL|φ〉 = −
∫
d3x
∫∫
σ
δσXY Im
∑
φ′ 6=φ
〈
φ
∣∣δHˆM0 /δqX∣∣φ′〉〈φ′∣∣δHˆM0 /δqY∣∣φ〉
(Eφ − Eφ′)2 , (23)
where the summation in superspace is over the three-
geometries on the spacelike three-surface and δσXY is the ele-
ment of a two-sphere in superspace bounded by the loop C.
Actually, Eq. (23) could be depicted in a more comprehen-
sible way in a form of Berry phase
∮
C
~A · d~l = − ∫∫S ~B · d~S,
where we used Stokes’s theorem and ∇ × ~A = ~B. The mag-
netic vector potential ~A can be viewed as a vector form of
the Berry-Simon connection we mentioned before; ~B is a vec-
tor known as the Berry curvature analogous to the magnetic
field in electromagnetism [16]. Generally speaking, tensors
are more general mathematical objects that can be used to rep-
resent the Berry curvature Fµν ; then Eq. (22) becomes a more
simple form,
Fµν = ∂µAν − ∂νAµ
= −Im
∑
n 6=m
〈ψm|∂µHˆ|ψn〉〈ψn|∂νHˆ|ψm〉 − (ν ↔ µ)
(En − Em)2 ,
(24)
where Aµ(ν) = i〈ψm|∂µ(ν)|ψm〉 is just the Berry-Simon con-
nection. However, in this context, the Berry phase is achieved
by the method of path integral in the MG system on the
background of the gravitational field (not the electromagnetic
field), so we call it the gravitational Berry phase. As shown
in Fig. 2, the gravitational Berry phase is under the back-
ground of a continuous spatial lattice form (the transition from
a smooth triangulation of a sphere to the corresponding secant
approximation). In Fig. 2, the evolution trajectory of the mat-
ter state on the spatial lattice sphere is a big circle (geodesic
line).
3. HALF-CLASSICAL ADIABATIC REACTIONS OF THE
MATTER-GRAVITY SYSTEM
The method of adiabatic approximation has been stud-
ied in many different contexts. For example, in the Born-
Oppenheimer studies of molecules, the dynamics of a com-
posite physical system could be divided into two parts: the fast
(light) system, which is described by fast variables (e.g., the
position q and momenta p of the electrons); and slow (heavy)
system, which is described by slow variables (e.g., the posi-
tion Q and momenta P of the nuclei). The reasons for the BO
approximation are readily revealed by studying gravity in the
cosmological context.
In the matter-gravity system, we could consider the coor-
dinates associated with the former as being the fast variables
and those associated with the latter as being the slow vari-
ables. In order to describe the positions associated with the
matter state, we first define the position of a single quasilattice
point that could be considered as a set of quasilattice vectors
of space-time. As shown in Fig. 3(a), the quasilattice function
is defined as
K = ‡{{~Ki}}‡ = ‡{{~K1}, ..., {~Kn}}‡
= ‡{{~X1, ~Y1, ~Z1, ...}, ..., {~Xn, ~Yn, ~Zn, ...}}‡
6FIG. 2: (Color online) Polyhedral approximation to a sphere. The
green spatial lattice in the left is a closed three-dimensional mani-
fold with all three-space (sum over all points of a spatial lattice),
which is homeomorphic to a connected polyhedron in piecewise lin-
ear space, and its points possess neighborhoods that are homeomor-
phic to the interior of the three-dimensional sphere (in the right). Ac-
cording to the Gauss-Bonnet theorem [32], the topological structure
between the polyhedra and the sphere is (both have the same Euler
characteristic). The light blue ball represents the matter states as-
sociated with the closed red trajectories C of an adiabatic evolution.
The dashed red line is the simplification of the red cyclic polyhedron
(all possible paths with the same quantum number corresponding to
a net at each time, not a point), which is homeomorphic to the red
torus in the right.
=
{{~X1, ..., ~Xn}, {~Y1, ..., ~Yn}, {~Z1, ..., ~Zn}, ...}
=
{{~K1}, ..., {~Kn}} = {{~Ki}}, (25)
where i = 1, ..., n, and the operator ‡{{}}‡ is called the nor-
mal emergent set and can be transformed into the correspond-
ing emergent set
{{}}. ~K1 and ~X1 belong to different levels
of space, respectively [35]. The function K can be viewed
as a set of quasilattice vectors
{{~K1}, ..., {~Kn}}, a quasilat-
tice vector {~Kn} can be represented by a set of feature vectors
{~Xn, ~Yn, ~Zn, ...}, and a feature vector ~Xn is composed of a set
of feature components {x1, ..., xn}. A simple example is de-
picted in Fig. 3 (b).
Now let the fast motion be quantum mechanical (the evolu-
tion of matter state), described by a density matrix ρˆ(t) driven
by the Hamiltonian HˆM0 , which is time dependent because the
quasilattice point ~Ki changes with time. We know that there
appears a magnetic reaction force at the first order, associ-
ated with the geometric phase [33]. Then we assume that the
gravitational-like reaction has the same expression. The evo-
lution of ρ is governed by [17]
i~ ˙ˆρ(t) =
[HˆM0 (K(t)), ρˆ(t)], Trρˆ = 1, (26)
where  is the adiabatic parameter and K(t) ∝ t implies
qL(K) ∝ t. The desired force is given by
~F = −Trρˆ∇HˆM0 . (27)
One may write ρˆ as the series in powers of 
ρˆ ≡
∞∑
r=0
rρˆr. (28)
FIG. 3: (Color online) Quasilattice points in space-time. (a) The
trajectory of lattice points depicts the evolution history of the mat-
ter state in the gravitational field. The simultaneously created lattice
points constitute a spatial net at every moment. Points on every spa-
tial net can be viewed as equivalent to a quasilattice point on the
trajectory of evolution (dashed circles). So the position of an en-
semble of lattice points could be described by a set of quasilattice
vectors. The quasilattice point from one to another reads ~Ki to ~Ki+1.
(b) Quasilattice function K in vector space. For example, we set
~Xn = ~Rn,~Yn = ~Θn,~Zn = ~Φn, and xnn = rnn, ynn = θnn, znn = φnn, (here
the subscript n = 2) [34].
The terms ρˆr are determined by the following equations:[HˆM0 , ρˆ0] = 0, [HˆM0 , ρˆr] = i~ ˙ˆρr−1 (r > 0). (29)
We can choose ρˆ0 as one of the pure matter states as in
Eq. (11); we redefine the adiabatic eigenstates and the energy
levels by
HˆM0
(K(t))∣∣φm(K(t))〉 = Eφ(K(t))∣∣φm(K(t))〉. (30)
For example, the φnth is
ρˆ0(t) =
∣∣φn(K(t))〉〈φn(K(t))∣∣. (31)
Equation (31) depends on time through varying the position
of each time-dependent quasilattice function K(t).
Now we can write the general force (27) as
~F = −Trρˆ0∇HˆM0 − Trρˆ1∇HˆM0 +O(2)
= −∇Eφn(K) + ~F1 +O(2), (32)
where
~F1 ≡ −Trρˆ1∇HˆM0 = −
∑
φk,φl
〈φk|ρˆ1|φl〉〈φl|∇HˆM0 |φk〉. (33)
7The leading term −∇Eφn (also equal to −〈φn|∇HˆM0 |φn〉) in
Eq. (32) is the Born-Oppenheimer force, and the second term
is the desired first-order reaction. Note that ρˆ1(~υ) is a function
of slow velocity ~υ ≡ ∂K(t)/∂t.
Under the basis of adiabaticity, the off-diagonal elements
of the corrections ρˆr are determined by Eq. (29) as
〈φk|ρˆr|φl〉 = i~ 〈φ
k| ˙ˆρr−1|φl〉
Eφk − Eφl , (φ
k 6= φl). (34)
The diagonal elements are settled in the pure state condition
ρˆ(t) = ρˆ(t)2 = |ϕ(t)〉〈ϕ(t)|. Associated with Eq. (28), we
obtain the first-order force as
~F1 = −i~~υ ·
∑
φk,φl
〈φk|∇φl〉(δφnφl − δφnφk)〈φl|∇φk〉
= i~~υ ∧
∑
φk
〈∇φn|φk〉 ∧ 〈φk|∇φn〉, (35)
where we use 〈φl|∇HˆM0 |φk〉/(Eφ
k − Eφl) = 〈φl|∇φk〉, (φl 6=
φk) and the completeness relation. This expression has the
form that is analogues to Lorentz force ~F1 = ~υ ∧ ~G(K),
where the gravitational-like field can be denoted as (~ ≡ 1
as follows)
~G(K) = −Im〈∇φn(K)∣∣ ∧ ∣∣∇φn(K)〉
= −Im
∑
φm 6=φn
〈
φn(K)∣∣∇~KmHˆM0 (K)∣∣φm(K)〉〈φm(K)∣∣∇~KnHˆM0 (K)∣∣φn(K)〉− (~Kn ↔ ~Km)(Eφm(K)− Eφn(K))2 , (36)
which is similar to the symplectic 2-form resulting in the ge-
ometric phase in the MG system when K is cycled for the
gravitational field.
Then we consider the topology structure of the space-time
turns from Σ3×R1 to S3×R1, where we take the simplest min-
isuperspace approximation into consideration. For a sphere
structure of spacial lattice points, we set KS to be the quasi-
lattice function of an emergent set of quasilattice vectors
KS = ‡
{{~KS1 }, {~KS2 }, {~KS3 }}‡
= ‡{{~R1, ~Θ1, ~Φ1}, ..., {~Rn, ~Θn, ~Φn}}‡
=
{{~R1, ..., ~Rn}, {~Θ1, ..., ~Θn}, {~Φ1, ..., ~Φn}}
=
{{~K1S}, {~K2S}, {~K3S}}. (37)
To ensure the only have two parameter sets of the Hamilto-
nian ({~K2S} and {~K
3
S}), we assume that the average module
of radius of the lattice sphere away from the origin during the
process of the evolution of the matter state reads∥∥〈{~K1S}〉∥∥T0 = const, or ∂∂t〈∥∥{~K1S}∥∥〉∣∣T0 = 0. (38)
After this handle, the closed evolution trajectory of the mat-
ter wave function on a two-dimensional sphere in minisuper-
space can be vividly pictured by Fig. 4. The structure of the
first-order force exemplifies linear response theory, with the
force ~F1 and the slow velocity ~υ being related by the anti-
symmetric tensor that is the very gravitational Berry curvature
in Eq. (22). Thus we may conclude that the theory of half-
classical approximation that introduces the notion of quasilat-
tice points in minisuperspace is equivalent to the case of the
path integral.
4. RIPPLES IN HILBERT SPACE AND
GRAVITATIONAL-LIKE WAVES IN MINISUPERSPACE −
PHYSICAL QUANTUM SIMULATION
A recent work studies with quantum simulation the mag-
netic monopoles by a driven superconducting qubit [21]. It
shows that when the monopole charges pass from inside to
outside the Hamiltonian manifold, the quantum states influ-
enced by the Berry curvatures generate ripples in the Hilbert
space.
In order to make a comparison between the Berry curvature
in the Hilbert space and the curvature of the space-time (the
gravitational Berry curvature as we mentioned before) in the
minisuperspace, we should consider a driven superconducting
transmon qubit with an anharmonicity of 280 MHz forming an
effective two-level system, as seen in Fig. 5. The Hamiltonian
of the system can be written as
Hˆ =
1
2
(
∆ Ωe−iφ
Ωeiφ −∆
)
, (39)
where the detunings ∆ = ωm − ωq = ∆1 cos θ + ∆2 (ωm
is the microwave driven frequency and ωq is the qubit transi-
tion frequency), and the Rabi frequency Ω = Ω1 sin θ. φ is
the phase of the drive tone. By changing ∆1,∆2, and Ω1, we
can acquire the desired single-qubit Hamiltonian that can be
described in an ellipsoidal manifold spanned by these param-
eters. Here, we set ellipsoids of size ∆1 = 6pi × 10 MHz
and Ω = 3pi × 10 MHz, and manipulate ∆2 from 0 to 2∆1.
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FIG. 4: (Color online) A sphere constructed by the quasilattice
points of the space-time. The red closed loop C represents the evo-
lution trajectory of the matter state. The blue dashed circle depicts
that C is formed by all quasilattice points during the whole evolu-
tion time, as shown in Fig. 3 (a). During this excursion along C
in the external parameter space that is spanned by {~K2S} and {~K3S},
the adiabatic change of the matter state gains a geometric phase in
addition to the conventional dynamical phase.
anharmonicity
.
280MHz
FIG. 5: (Color online) Energy spectrum of the transmon qubit. Here
we assume the qubit that with a transition frequency of ωq = 4.395
GHz is effectively a nonlinear resonator, and the anharmonicity of
280 MHz ensures that the qubit transition only occurs between the
two lowest energy levels [36].
It is worth noting that if ∆ = Ω = 0, this corresponds to a
degeneracy in parameter space that can be viewed as a mag-
netic monopole [21]. It also can be viewed as a geometric
magnetic force being that of a monopole of strength centered
at ∆ = Ω = 0.
Before we establish a connection between the monopole
in parameter space and the singularity in minisuperspace, we
need to show how to measure the Berry curvature. We let
µ = θ and ν = φ in Eq. (24). So the Berry curvature is given
by
Fθφ = −Im 〈0|∂θHˆ|1〉〈1|∂φHˆ|0〉 − 〈0|∂φHˆ|1〉〈1|∂θHˆ|0〉
(E1 − E0)2 ,
(40)
where En and |n〉 are the nth eigenvalue (n = 0, 1) and
their corresponding eigenstates of the Hamiltonian Hˆ , respec-
tively. It denotes that the local Berry curvature can be ex-
tracted from the linear response of the qubit during a nonadi-
abatic passage in Ref. [18]. This remarkable idea stems from
the motion of the quantum states in a curved space deviat-
ing from a straight trajectory in flat space. Thus the Berry
curvature can be calculated from the deflection from adia-
baticity [20]. If we manipulate this qubit by controlling a
set of parameters (∆1,∆2,Ω1, θ, φ) of its Hamiltonian with
the rate of change of a parameter, then the state of the sys-
tem feels a geometric (magnetic, gravitational-like, etc.) force
Fφ ≡ −〈ψ(t)|∂φHˆ|ψ(t)〉, given by
Fφ = const + θtFθφ +O(θ2t ), (41)
where θt is the rate of change of the parameter θ (quench
velocity) and Fθφ is a component of the Berry curvature ten-
sor. This is analogues to the case under the condition when
parameters of vectors are ~K
m
= ~K
2
S and ~K
n
= ~K
3
S in Eq. (36).
To neglect the higher-order nonlinear term O(θ2t ), the sys-
tem parameters should be ramped slowly enough, more de-
tails are shown in Appendix B. Note that Eq. (41) is a spe-
cific form of Eq. (32) in the case of magnetism originated
from the monopole in parameter space. Analogously, grav-
ity generated by singularity in minisuperspace can make the
space-time (spatial lattice or spatial quasilattice points) curve,
and the curving degree of the minisuperspace also can be de-
scribed by the gravitational Berry curvature in Eq. (36).
Now we reconsider the general magnetic force produced by
the monopole centered at the origin of coordinates spanned
by a set of parameters in the Hamiltonian. Associating with
all three-space and the spatial metric tensor in space-time, we
compare the singularity in minisuperspace with the magnetic
monopole in parameter space. It is well known that Einstein’s
theory of general relativity predicts the existence of gravita-
tional waves that are ripples in space-time at large scales, cre-
ated in certain gravitational interactions that travel outward
from their sources. Then we establish the relationship be-
tween the ripples characterized by the fidelity of the quan-
tum superposition state in Hilbert space and gravitational-like
waves in microscopic scales (the mass scale of the matter is
much less than the Planck mass).
We notice from Fig. 6 that the number of singularity
changes. In Fig. 6(a), every micro black hole corresponds
to a singularity; after the merger of two micro black holes,
the number of singularities of the binary system jumps from
2 to 1. In Fig. 6(b), after the monopole traversing outside the
manifold of the parameter space, the number of singularities
of the two-level system jumps from 1 to 0. These processes
reflect the change of topological structures of both systems.
9The amplitude of gravitational-like waves from the merger of
two micro black holes reaches a maximum. This instant cor-
responds to the moment that ripples are generated in Hilbert
space when the monopole travels through (∆2/∆1 = 1) the
energy surface of the Hamiltonian manifold. In Fig. 6(b), the
fidelity of the target superposition state |ψ〉 = 1/√2(|g〉+|e〉)
is plotted versus ∆2/∆1 at θ = pi, where the fidelity of the
superposition state is defined as f = 〈ψ|ρˆ(T)|ψ〉. We also
note that the fidelity of the superposition state slightly oscil-
lates around 0.5 when at the region of |∆2/∆1| < 0.5 and
|∆2/∆1| > 1.5. This implies that the quantum states almost
stay in the eigenstates (|e〉 or |g〉) at these two regions.
e g
Inspiral Merger
M
ic
r
o
 B
la
c
k
  
  
 H
o
le
s
Q
u
a
n
t
u
m
S
t
a
t
e
s
Ring-down
0 1.0 2.01.50.5
1.0
0
0.8
0.6
0.2
0.4
F
id
e
li
t
y
eg
C
1
0 2.0
1.0
1.0
0
FIG. 6: (Color online) Quantum simulation of artificial gravitational-
like waves in minisuperspace with a two-level system. (a) The
gravitational-like waves in microscopic scales emitted by the in-
spiral and merger of two micro black holes correspond to the pro-
cess of population inversion of the two eigenstates and the process
of the transfer into the superposition state, respectively. The fre-
quency of the inspiral of micro black holes is analogues to the fre-
quency of the population inversion of the two eigenstates. (b) Rip-
ples of the wave function of the superposition state in Hilbert space.
Here we set ∆1 = 6pi × 10 MHz and Ω = 3pi × 10 MHz, and
manipulate ∆2 from 0 to 2∆1 at θ = pi. The fidelity oscillates
faster and faster with the increasing of ∆2/∆1 before the topological
transition [21] (the blue real line represents the first Chern number
C1 = 12pi
∫ pi
0
dθ
∫ 2pi
0
dφFθφ =
∫ pi
0
Fθφdθ, which turns from 1 to 0
at ∆2/∆1 in the inserted figure). This corresponds to the period of
inspiral of the two micro black holes becoming shorter and shorter.
As shown in Fig. 6, we note that from |∆2/∆1| = 0 to
|∆2/∆1| = 1, the ripples in Hilbert space affected by the pa-
rameter space (energy space) reflect the change of quantum
states from the eigenstates (two matter states) to the super-
position state. The waveform in the region of |∆2/∆1| =
1 reflects the monopole traveling through (∆2/∆1 = 1)
the energy surface of the Hamiltonian manifold; this could
be viewed as the creation of gravitational-like fields by the
merger of two micro black holes. When |∆2/∆1| > 1, this
afterwind could be viewed as affected by the aftershock in pa-
rameter space.
Notice in Ref. [21] that, during the process of topological
transition, the fidelity of the quantum states is affected by the
Berry curvature, which can be expressed by
Fθφ =
〈∂φHˆ〉
θt
=
Ωn sin θ
2θt
〈ψ|σˆy|ψ〉, (42)
where |ψ〉 is the superposition state. It is well known that
the strength of the gravitational field can be represented by
the curvature of the structure of space-time. The fidelity of
the quantum eigenstates is affected by the strength of the
magnetic fields that are emitted from the monopoles. Then
the gravitational-like interaction between the matter state and
gravitational state could be described by the gravitational
Berry curvature (gravitational-like field), which reflects the
changes of the curvature of space-time in minisuperspace.
5. CONCLUSION
By use of the path integral and the half-classical approxi-
mation methods under the adiabatic approximation, we inves-
tigate the geometrical and topological structure, which are de-
scribed by the gravitational Berry curvature under the theory
of quantum gravity. We show that the theory of half-classical
approximation that introduces the notion of quasilattice points
in minisuperspace is equivalent to the case of the path integral.
We have shown that an artificial magnetic monopole formed
in parameter space of the Hamiltonian of a driven two-level
system gives rise to ripples in Hilbert space when it travels
through the surface of the energy manifold spanned by sys-
tem parameters. The magnetic field can be represented by
Berry curvature, and the distribution of Berry curvature can
reflect both the shape of the manifold in parameter space of the
system’s Hamiltonian and the population of quantum states.
Therefore, the motion of the quantum states in the curved pa-
rameter space can be utilized to stimulate the evolution of mat-
ter state in the curved minisuperspace. The first-order reac-
tion force, also called general force, can be viewed as a char-
acterization of the degree of Berry curvature. For example,
the general magnetism force originated from the monopole
in parameter space is analogues to the general gravitational-
like force originated from singularity in minisuperspace; the
corresponding Berry curvature (gravitational Berry curvature)
reflects the strength of the magnetic field produced by the
monopole and the strength of the gravitational-like field pro-
duced by the singularity (which can be viewed as a micro
black hole).
On one hand, we have devised a method of how to generate
an artificial gravitational-like wave space-time for a driven su-
perconducting qubit in the real laboratory. This might provide
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a feasible approach to explore the gravitational interactions
between different celestial bodies through quantum simula-
tion of the change of the curvature in space-time. On the other
hand, the different number of singularities of physical sys-
tems indicates the different topological structures [24]. Thus
the method of measuring the topological change in both sys-
tems may open a window for the study of the geometrical and
topological properties in quantum gravity with the help of the
specific quantum physical systems.
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Appendix A: Proof of Eq. (1)
First, we introduce a spacelike hypersurface into the man-
ifold of space-time Xµ = Xµ(t, xi), µ = 0, 1, 2, 3 and give
the normal vector nµ and the tangent vector Xµi ≡ ∂Xµ/∂xi
to any point on it. The local framework of four-dimensional
(nµ, Xµi ) satisfies the following three conditions:
(1) orthogonality: gµνX
µ
i n
µ = 0;
(2) metric on spacelike hypersurface: hij = gµνX
µ
i X
ν
j ;
(3) timelike: gµνnµnν = −1.
For spacelike hypersurface, we let i, j = 1, 2, 3. As shown
in Fig. 7, continuous deformation of the hypersurface in
space-time could be assumed. The deformation vector Nµ
can be defined as Nµ ≡ ∂Xµ(t, xi)/∂t. In terms of a normal
to the surface nµ, one has
Nµ = Nnµ +N iXµi . (A1)
In Fig. 7, the space-time interval of the deformation of the
hypersurface is given by
ds2 = gµνdX
µdXν = gµνN
µNνdtdt + 2gµνN
µXνi dtdx
i + gµνX
µ
i X
ν
j dx
idxj
= gttdtdt + 2gitdxidt + gijdxidxj , (A2)
where gij (i, j = 1, 2, 3) denotes the three-metric on the given spacelike hypersurface. Therefore, we have
gij = X
µ
i X
ν
j gµν = X
µ
i X
ν
j (hµν − nµnν) = Xµi Xνj hµν = hij ,
gti = NµXνi gµν = gµν(Nn
µ +N jXµj )X
ν
i = N
jgµνX
µ
j X
ν
i = N
jhij = Ni,
gtt = NµNνgµν = N
µNν(hµν − nµnν) = (Nnµ +N iXµi )(Nnν +N jXνj )hµν −N2
= N iXµi N
jXνj hµν −N2 = N iNi −N2. (A3)
This is the proof of Eq. (1).
Appendix B: Proof of Eq. (41)
Now we consider a system under the domination of the
Hamiltonian Hˆ(t) = Hˆ0 + υ(t)Uˆ , where Hˆ0 is stationary
and υ(t)Uˆ is time dependent [37]. In order to characterize
the dynamics of the system resulting from the time-dependent
perturbation theory, we assume that υ(t) is a linear function
of time,
υ(t) = υi + tυt(υf − υi), 0 ≤ t ≤ 1/υt. (B1)
Here υt is the rate of change of the parameter υ(t) and υt → 0
denotes the adiabatic limit, while υt → ∞ denotes the sud-
den quench. The values of the vectors υi and υf can be ar-
bitrarily far from each other in principle. Let us denote the
instantaneous eigenstates of the Hamiltonian Hˆ(t) as |n〉 sat-
isfies the equation Hˆ(t)|n〉 = En(t)|n〉, where En(t) is the cor-
responding instantaneous eigenvalue. We express the wave
function in terms of the instantaneous eigenstates, |ψ(t)〉 =
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FIG. 7: (Color online) Illustration of the lapse function and the shift
vector. These two quantities depict the lapse of proper time (N) be-
tween two infinitesimally close hypersurfaces, and the corresponding
shift in spatial coordinate (N i).
∑
n an(t)e
−iθn(t)|n〉, where θn(t) =
∫ t
ti
En(τ)dτ (~ ≡ 1), and
the lower limit of integration in the expression for θn(t) is ar-
bitrary. Then, the Schro¨dinger equation reads
∂tan(t) = −
∑
m
am(t)〈n|∂t|m〉ei(θn(t)−θm(t)), (B2)
which can also be rewritten as an integral equation
an(t) = −
∫ t
ti
dt′
∑
m
am(t′)〈n|∂t′ |m〉ei(θn(t′)−θm(t′)). (B3)
If the energy levels En(τ) and Em(τ) are not degenerate, the
matrix element 〈n|∂t|m〉 can be written as
〈n|∂t|m〉 = − 〈n|∂tHˆ|m〉En(t)− Em(t) = −
υt〈n|Uˆ |m〉
En(t)− Em(t) . (B4)
If υ(t) is a monotonic function of time t then in Eq. (B3) one
can manipulate variables from t to υ(t) and obtain
an(υ) = −
∫ υ
υi
dυ′
∑
m
am(υ′)〈n|∂υ′ |m〉ei(θn(υ′)−θm(υ′)),
(B5)
where
θn(υ) =
∫ υ
υi
dυ′
En(υ′)
υ′t
. (B6)
Equations (B3) and (B5) allow for a systematic expansion of
the solution in the small parameter υt. Indeed, in the limit
υt → 0 all the transition probabilities are suppressed because
the phase factors are strongly oscillating functions of υ. In
the leading order in υt only the term with m = n should be
retained in the sums in Eqs. (B3) and (B5). It results in the
Berry phase
γn(t) = −i
∫ t
ti
dt′〈n|∂t′ |n〉 = −i
∫ υ(t)
υi
dυ′〈n|∂υ′ |n〉. (B7)
In general this phase could be brought into our formal-
ism by doing a U-(1) gauge transformation an(t) →
an(t) exp(−iγn(t)) and changing θn → θn + γn(t) in (B3) and
(B5).
For a slow quench, υt  1. Given that our system is ini-
tially prepared in the ground state n = 0, so that it gives
a0(0) = 1 and αn(0) = 0 for n ≥ 1. In the leading order
of υt, Eq. (B5) becomes
an(υ) ≈ −
∫ υ
υi
dυ′〈n|∂υ′ |0〉ei(θn(υ′)−θm(υ′)) . (B8)
Now considering for a moment the one-dimensional oscil-
lator y = eiωg we use the fact that y satisfies the differential
equation
y′(x) = iωg′(x)y(x) = A(x)y(x). (B9)
The asymptotic expansion follows from writing y as A−1y′,
assuming that A(x) 6= 0 in the interval of integration, and
integrating by parts
∫ b
a
fydx =
∫ b
a
fA−1y′dx =
[
fA−1y
]b
a −
∫ b
a
( fA−1)′ydx =
1
iω
(
f(b)
g′(b)
y(b)− f(a)
g′(a)
y(a)
)
− 1
iω
∫ b
a
(
f
g′
)′
ydx, (B10)
where the notation A−1 means matrix (or scalar) inverses, not function inverses. The first term in the right-hand side of Eq. (B10)
approximates the integral with an error
− 1
iω
∫ b
a
(
f
g′
)′
ydx = O(ω−2). (B11)
Using the fact that the integral decays like O(ω−1) [38], which leads to the stand evaluation of a fast oscillating integral,∫ b
a f(x)e
iωg(x)dx = 1iω
f(x)
g′(x)e
iωg(x)
∣∣b
a +O(ω−2), we obtain
an ' iυt 〈n|∂υ|0〉En − E0 e
i(θn(υ)−θ0(υ))∣∣υf
υi
+O(υ2t ) = −iυt
〈n|∂υHˆ|0〉
(En − E0)2 e
i(θn(υ)−θ0(υ))∣∣υf
υi
+O(υ2t )
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= −iθt 〈n|∂θHˆ|0〉
(En − E0)2 e
i(θn(θ)−θ0(θ))∣∣θf
θi
+O(θ2t ) ≈ −iθt
〈n|∂θHˆ|0〉
(En − E0)2 e
−iθn0(θ)∣∣θf
θi
, (B12)
where υt = θt, and θ belongs to the parameter set υ. θn0
is the full phase difference (including the dynamical and the
Berry phase) between the nth and the ground instantaneous
eigenstates during the time evolution. Noting that Eqs. (B6)
and (B7) satisfy the U-(1) gauge transformation, we get
θn0(υ) =
(
θn(υ
′) + γn(υ′)
)− (θ0(υ′) + γ0(υ′))
=
∫ υ
υi
dυ′
(En(υ′)− E0(υ′)
υ′t
− (An(υ′)−A0(υ′)))
=
∫ θf
θi
dθ′
(En(θ′)− E0(θ′)
θt(θ′)
− (An(θ′)−A0(θ′))),(B13)
where An the Berry-Simon connection equals i〈n|∂υ′ |n〉.
If the initial state has a large gap or if the protocol is de-
signed in such a way that the initial evolution is adiabatic,
Eq. (B12) takes a particularly simple form
an ≈ −iθt 〈n|∂θHˆ|0〉
(En − E0)2
∣∣
θf
. (B14)
The contribution of the initial term in Eq. (B12) to the expec-
tation value of the off-diagonal observables can be addition-
ally suppressed by the fast oscillating phase θn0. Substituting
Eq. (40) into Eq. (B14), it is straightforward to derive the
general force
Fφ = −〈ψ(t)|∂φHˆ|ψ(t)〉 ≈ −〈0|∂φHˆ|0〉 − θtIm
∑
n 6=0
〈0|∂θHˆ|n〉〈n|∂φHˆ|0〉 − (θ ↔ φ)
(En − E0)2 +O(θ
2
t )
= const + θtFθφ +O(θ2t ), (B15)
where the leading term, the Born-Oppenheimer force, is a constant, the second term is the desired first-order reaction, andO(θ2t )
indicates high-order terms that lead to derivations of the trajectory of the observables of the system.
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